The main goal of the present article is to describe the notion of a parametric 2-metric space which is a nonlinear generalization of the parametric metric, and consider some fixed point theorems in the parametric 2-metric spaces. We first propose the elementary definitions and the notions of parametric 2-metric spaces. Then, we present and prove some fixed point theorems in a complete parametric 2-metric spaces.
Introduction
Fixed point theorems are fundamental tools to prove the existence and uniqueness of the solutions to various mathematical models such as integral equations, partial differential equations and variational inequalities and so on. In the last decades different forms of metric spaces such as b-metric spaces [2] , D-metric spaces [5] , S-metric spaces [18] , G-metric spaces [14] , cone metric spaces [7] and so on, have been defined and some fixed point theorems have been observed by many authors, in these spaces. One of these generalizations is so called 2-metric was introduced by Gahler [6] as follows: Definition 1. [6] Let X be a non-empty set and ρ be a mapping from X × X × X to R + = [0, ∞), that is ρ : X × X × X → R + satisfying the following conditions:
(1) for every pair of distinct points x, y there exists a point z ∈ X such that ρ (x, y, z) = 0.
(2) ρ (x, y, z) = 0 if and only if at least two of the three points are same. (3) ρ (x, y, z) = ρ (x, z, y) = ρ (y, z, x) , for all x, y, z ∈ X. (4) ρ (x, y, z) ≤ ρ (x, y, w) + ρ (x, w, z) + ρ (w, y, z) , for all x, y, z, w ∈ X.
Then ρ is called a 2-metric on X and the pair (X, ρ) is called a 2-metric space. One can think of ρ(x, y, z) as measuring how far are the points x, y, z from being "aligned" or "colinear". The prototypical example of a 2-metric space is obtained by setting ρ(x, y, z) equal to the area of the triangle spanned by x, y, z.
Notice that in the above generalizations, only a 2-metric space is not topologically equivalent to an ordinary metric. For instance, every metric space is first countable, but this is not true in general, for 2-metric spaces [13] . Then there was no easy relationship between results obtained in 2-metric spaces and metric spaces. In particular, the fixed point theorems on 2-metric spaces and metric spaces may be unrelated easily. For the details on 2-metric spaces and fixed point theorems on 2-metric spaces, the readers may refer to [1, 4, 10, 13, 15] .
The notion of a parametric metric space as one of the generalization of the metric space, has been defined by Hussain et al. [8] as follows: Definition 2. [8] Let X be a non-empty set and P : X × X × (0, ∞) → R + be a mapping. Then the mapping P is called a parametric metric if it satisfies the following conditions:
(P1) P (x, y,t) = 0 for all t > 0 if and only if x = y. (P2) P (x, y,t) = P(y, x,t), for all x, y ∈ X and all t > 0. (P3) P (x, y,t) ≤ P (x, z,t) + P(z, y,t), for all x, y, z ∈ X and all t > 0.
Then the pair (X, P) is called a parametric metric space.
Nowadays the authors still studying on fixed point and common fixed point theorems of parametric metric spaces and its generalized versions such as parametric S-metric, parametric b-metric, parametric N b -metric (see [3, 9, 12, 16, 17, 19, 20] ).
In the present study, besides the above linear generalizations of parametric metric notions, we aim to make contribution to this area by giving the nonlinear generalization; the notion of a parametric 2-metric. As a result, we present this new notion. Also, in order to clarify the idea, we describe fundamental definitions and we observe some topological properties. Then, we consider different fixed point and common fixed point results in these spaces.
Parametric 2-metric spaces
In this section, we define the notion of a parametric 2-metric and propose some elementary concepts such as an open ball, convergent sequences, Cauchy sequences, continuity and etc. Definition 3. Let X be a non-empty set and d : X × X × X × (0, ∞) → R + be a mapping which satisfies the following conditions (M1) For every x, y ∈ X with x = y there exists z ∈ X such that d (x, y, z,t) = 0 for all t > 0 (M2) d (x, y, z,t) = 0, for all t > 0, if at least two of x, y, z ∈ X are the same (M3) d (x, y, z,t) = d (z, y, x,t) = d (z, x, y,t) = d (y, x, z,t) = d (x, z, y,t) = d (y, z, x,t) for all x, y, z ∈ X and for all t > 0 (M4) d (x, y, z,t) = d (x, y, w,t) + d (x, w, z,t) + d (w, y, z,t), for all x, y, z, w ∈ X and all t > 0.
Then d is called a parametric 2-metric on X and the pair (X, d) is called a parametric 2-metric space, which will be sometimes denoted by X if there is no confusion. One can think of d(x, y, z,t) as measuring how far are the points x, y, z from being "aligned" or "colinear" according to parameters t > 0.
Example 1.
Let X=R be the set of real numbers and f : (0, ∞) → (0, ∞) be a continuous function. Then the mappings d 1 , d 2 : R 3 × (0, ∞) → R + defined as follows are parametric 2-metrics on X,
, for every x, y, z ∈ X and for all t > 0.
Example 2.
Let (X, M, N, * , ⋄) be a triangular intuitionistic fuzzy 2-metric space. Define the mapping d :
M(x,y,z,t)−1 for all x, y, z ∈ X and for all t > 0. Then d is a parametric 2-metric on X.
| for each f , g, h ∈ X and for each t > 0. Then the pair (X, d) is a parametric 2-metric space. Lemma 1. Let (X, P) be a parametric metric space and the mapping d : X 3 × (0, ∞) → R + be defined by d (x, y, z,t) = P (x, y,t) + P(y, z,t) + P(x, z,t), for all x, y, z ∈ X and for all t > 0. Then d is a parametric 2-metric on X. This implies that, each parametric metric induces a parametric 2-metric on the same universal set.
Proof. It is clear to verify from Definition 1 and Definition 2. 
is called an open ball in X, centered at x and y with radius r.
The topology generated by the collection of all open balls as a subbasis is called a parametric 2-metric topology on X, and it is denoted by τ. Members of τ are called 2-open sets and their complements, 2-closed sets.
Lemma 2. Let (X, d) be a parametric 2-metric space and G ⊆ X. Then G is a 2-open set if and only if for every x ∈ G there are finite numbers of points y
Proof. The sufficiency of the claim is evident from the fact that the intersection of the open balls
., m} and all t > 0. Therefore, for any t > 0, we have
This completes the proof.
Proof. Let x, y ∈ X (x = y) be two points. Then by (M1) of Definition 2, there exists z ∈ X such that d (x, y, z,t) > 0, for all t > 0. Say r (t) := d(x,y,z,t) 2 > 0, for all t > 0. Fix some t 1 > 0, say r 1 = r(t 1 ). Then, the balls B (x, z, r 1 ) and B (y, z, r 1 )
. This completes the proof.
Definition 5. Let (X, d) be a parametric 2-metric space and (x n ) n∈N be a sequence in X. Then
(1) (x n ) is said to be convergent to x ∈ X written as x n → x, when n → ∞ or lim n→∞ x n = x, if for every a ∈ X and for all t > 0, lim n→∞ d (x n , x, a,t) = 0. (2) (x n ) is said to be Cauchy in X if for every a ∈ X and for all t > 0, lim n,m→∞ d (x n , x m , a,t) = 0, that is for each ε > 0, a ∈ X and for all t > 0, there exists a natural number n 0 such that d (x n , x m , a,t) < ε for all n, m ≥ n 0 .
(3) (X, d) is called complete if every Cauchy sequence in X is a convergent sequence.
Lemma 3. In a parametric 2-metric space, each convergent sequence has at most one limit.
Proof. It is obvious from Definition 3. and Definition 2, therefore omitted.
Remark. In a complete parametric 2-metric space, a convergent sequence need not be a Cauchy sequence. (See [9] for its analogue in 2-metric spaces) Example 4. Let X = {0, 1, 1 2 , . . . , 1 n , . . . } and let the mapping d : X 3 × (0, ∞) → R + be defined as follows:
Then (X, d) is a complete parametric 2-metric space. Also the sequence 1 n is convergent to 0, but it is not Cauchy. Definition 6. Let (X, d) be a parametric 2-metric space and (x n ) , (y n ) , (z n ) be three sequences in X such that lim n→∞ x n = x, lim n→∞ y n = y and lim n→∞ z n = z. d is called continuous if lim n,m→∞ d (x n , y m , z n ,t) = d (x, y, z,t) for all t > 0. This means that d is called continuous if it is sequentially continuous in all of its three variables.
Remark.If d is a continuous parametric 2-metric on X, then every convergent sequence in this space, is a Cauchy sequence.
Definition 7. Let (X, d) be a parametric 2-metric space and T : X → X be a self-mapping. Then T is said to be continuous at x ∈ X, if for any sequence (x n ) in X such that lim n→∞ x n = x, then lim n→∞ T x n = T x. If T is continuous at each point x of X, then T is said to be continuous self-mapping on X.
Definition 8. A parametric 2-metric space (X, d) is said to be
(1) compact if every sequence in X has a convergent subsequence.
(2) bounded if there exists a real constant K > 0 such that d (x, y, z,t) ≤ K for all x, y, z ∈ X and for all t > 0. Proof. It is enough to show that the tetrahedral inequality (M4) is satisfied, since the other conditions are evident. Let x, y, z, w ∈ X and t > 0 be taken arbitrary. Then
We see that lim n→∞ x n = x in (X, d), if and only if, for every a ∈ X and all t > 0, lim n→∞ d (x n , x, a,t) = 0. This is equivalent that lim n→∞ d k (x n , x, a,t) = 0, for all a ∈ X and all t > 0. This means that lim n→∞ x n = x in (X, d k ).
Lemma 4.
Let (x n ) be a sequence in a parametric 2-metric space (X, d) such that for all a ∈ X and for all t > 0,
where 0 ≤ α < 1 and n ∈ N. Then (x n ) is a Cauchy sequence in (X, d) .
Proof. It is the direct reult of Lemma 1 in [1] and Lemma 2 in [8] .
Main results
In this section, we observe and prove some fixed point results in the parametric 2-metric spaces. While constructing the basement of our observations, we truly keep to the point of the contractive condition "ρ (T x, Ty, a) ≤ . . . " observed by 2-metric researchers in their fixed point investigations. We may think of this as meaning that ρ (x, y, a) is a family of distance like functions of x and y, indexed by a ∈ X. Since these kinds of contractivity conditions imply colinearity of the sequence of iterates starting with any point, it is not easy to find a wide range of applications. Nevetheless, these type of contracive conditions are backbones of the main fixed point results in the literature. Hence, in this section, we study several fixed point theorems based on the parameterized versions of the above contractive conditions. Theorem 1. Let (X, d) be a complete parametric 2-metric space and T : X → X be a continuous self-mapping satisfying the following condition:
for all x, y, z ∈ X, x = y and for all t > 0, where 0 ≤ α < 1. Then T has a unique fixed point.
Proof. Let x 0 ∈ X be arbitrary and in order to define iterative sequence (x n ) as follows, T x n = x n+1 for n ∈ N. Let write x = x n and y = x n+1 in the above inequality, we get x 1 , z,t) , for all z ∈ X, t > 0 and 0 ≤ α < 1. From Lemma 4, (x n ) is a Cauchy sequence in X. Since (X, d) is a complete parametric 2-metric space, (x n ) is convergent to a point x * ∈ X,i.e., lim n→∞ x n = x * . Since T is continuous, we obtain that
Hence, T x * = x * , that is T has a fixed point in X. Case 2. If d (x n+1 , x n+2 , z,t) ≤ αd (x n , x n+2 , z,t). Then from Lemma 1 in [1] , the sequence (x n ) converges to a point x * ∈ X, that is lim n→∞ x n = x * . Similar to the Case 1, the point x * is the fixed point of T .
In order to prove the uniqueness let us assume that T x * = x * and Ty * = y * where z = x * , z = y * . Then we have
This is true only when d (x * , y * , z,t) = 0. Hence x * = y * , that is the fixed point of T is unique. for all x, y, z ∈ X, x = y, t > 0 and 0 ≤ α < 1. Then T has a unique fixed point in X.
Lemma 5. Let (X, d) be a parametric 2-metric space and T : X → X be a self-mapping satisfying the following condition: for each x, y, z ∈ X and for all t > 0, y, z,t) , d (x, T x, z,t) , d (y, Ty, z,t) , d (x, Ty, z,t) , d (y, T x, z,t) ,
for all x, y, z ∈ X and for all t > 0.
Proof. By choosing z = x and y = T x in the above inequality, we obtain
To prove the second claim let us apply the last inequality of Definition 3,
Since d T 2 x, T x, x,t = 0, we get d x,
Since α 1−α < 1, the sequence (x n ) is Cauchy and by the completeness of the space, it converges to some point, say x * ∈ X. By the continuity of the self-mapping, we conclude that x * is the fixed point of T , that is T x * = x * . Now let us prove the uniqueness of the fixed point. Assume that y * be another fixed point, that is T x * = x * and Ty * = y * . So we have
Therefore, we obtain that d (x * , y * , z,t) ≤ αd (x * , y * , z,t) , for all z ∈ X and for all t > 0. This implies that for each z ∈ X, d (x * , y * , z,t) = 0, that is x * = y * . Hence we have the uniqueness. Additionally, lim n→∞ d (T n x, x * , z,t) = lim n→∞ d (x n , x * , z,t) = 0. This shows that lim n→∞ T n x = x * . Definition 9. Let (X, d) be a parametric 2-metric space and T : X → X be a self-mapping. If for all a ∈ X and all t > 0, d (T n x, y, a,t) → 0 (n → ∞) implies d (T T n x, Ty, a) → 0 (n → ∞). Then T is said to be an orbitally continuous selfmapping. for all x, y, z ∈ X, x = y, t > 0 and 0 < α < 1. Then for each x ∈ X, the sequence (T n x) n∈N converges to a fixed point of T .
Proof. Let x 0 ∈ X be arbitrary and define T x n = x n+1 for n = 0, 1, 2, . . . . If x n = x n+1 for all n clearly implies that (x n ) is a Cauchy sequence and the limit of (x n ) is a fixed point of T .
Suppose that x n = x n+1 for each n = 0, 1, 2, . . . . If we write x = x n−1 and y = x n in the above inequaility, we have
If we proceed in this manner we get
As in the proof of Theorem 1, we conclude that (x n ) is a Cauchy sequence in the complete parametric 2-metric space X. So (x n ) is convergent to some point x * ∈ X. We observe that the limit point x * is the fixed point of T . Indeed in this case for all z ∈ X and all t > 0, we have d (T n x 0 , x * , z,t) → 0. Since T is orbitally continuous d (T T n x 0 , T x * , z,t) → 0. This implies that T x * = x * .
If T is not orbitally continuous, then we proceed the proof as follows:
Hence T x * = x * is the claimed fixed point.
Theorem 4. Let (X, d) be a complete bounded parametric 2-metric space and T 1 , T 2 : X → X be two self-mappings satisying the following condition:
for all x, y, z ∈ X and for all t > 0, where β 1 , β 2 , β 3 , α as in Theorem 3. Then T 1 and T 2 have a common fixed point.
Proof. Let x 0 ∈ X be arbitrary and define the sequence as (x n ) by x 2n+1 = T 1 (x 2n ) , x 2n+2 = T 2 (x 2n+1 ). Then by the calculations using the inequality given in the hypothesis, we get
Similar to the proof of the above theorems, we conclude that (x n ) is a Cauchy sequence which has some limit say x * ∈ X. Then from the triangle inequality of Definition 2, we get d (T 1 x * , x * , z,t) ≤ d (T 1 x * , x * , x 2n+2 ,t) + d (T 1 x * , x 2n+2 , z,t) + d (x 2n+2 , x * , z,t)
Hence by the assumption, we have which yields by getting n → ∞, (β 1 + β 2 ) d (T 1 x * , x * , z,t) ≤ 0.
This implies that d (T 1 x * , x * , z,t) = 0, for all z ∈ X and for all t > 0. Therefore, T 1 x * = x * .
Similarly, it is seen that T 2 x * = x * . Therefore, x * is the common fixed point of T 1 and T 2 .
Conclusion
The notion of metric spaces and its generaliztions with fixed point theory have extensive applications in several branches of mathematics and other disciplines, with various problems in the control theory, convex optimization, decision support systems and so on. Gahler introduced in the 1960's the notion of 2-metric space, and several authors have studied the question of fixed point theorems for mappings on such spaces. If we return to the notion of a parametric 2-metric space, the basic philosophy is that since a parametric 2-metric measures the area according to a parameter, a contraction should send the space towards a configuration of zero area, which is to say a line with respect to a parameter. This result makes hard to find wide real world applications. On the other hand, the application of b 2 -metric spaces to integral equations [15] , encouraged us about that our observations may find the right application area. That's why, we intend to study the notion of parametric 2-metric spaces and some fixed points of self-mappings in such spaces.
